In this article, we determine the explicit toric variety structure of Hilb A1(n) (C n ) for n = 4, 5, where A 1 (n) is the special diagonal group of all order 2 elements. Through the toric data of Hilb A1(n) (C n ), we obtain certain toric crepant resolutions of C n /A 1 (n), and the different crepant resolutions are connected by flops of n-folds for n = 4, 5.
Introduction
For n ≥ 2 and a finite (nontrivial) subgroup G of SL n (C), the singularities of the quotient space C n /G are called the Gorenstein quotient singularities. By a crepant resolution of C n /G, we shall always mean a smooth variety birational over C n /G and with the trivial canonical bundle. The finite subgroups G of SL 2 (C) were classified into A-D-E series by F. Klein around 1870s, where the orbifolds C 2 /G are all of the type of hypersurface singularity. The crepant resolution of C 2 /G for such a group G is given by its minimal resolution in the surface theory [4] . For a finite group G ⊂ SL 3 (C), the existence of a crepant resolution of C 3 /G was verified by the quantitative methods in the mid-nineties [5, 9, 12, 13] . However, the uniqueness of the crepant resolution no longer holds for n = 3. Indeed, there are more than one such resolutions, connected by flops of 3-folds in certain cases. Hence, the question naturally arises on the canonical choice among these crepant resolutions. In [7] , Nakamura et al proposed the concept of G-Hilbert scheme, Hilb G (C n ), associated to the orbifold C n /G, with the intension of applying the finite group representation theory to orbifold geometry problems. One of the primary goals would be the qualitative understanding of crepant resolutions of C 3 /G. For n = 2, Hilb G (C 2 ) is indeed the minimal resolution of C 2 /G. For n = 3, Hilb G (C 3 ) is a toric crepant resolution of C 3 /G for an abelian group G [6, 10] . For a general finite subgroup G of SL 3 (C), Bridgeland et al [1] have justified the property of Hilb G (C 3 ) as a canonical crepant resolution of C 3 /G by methods in homological algebra, an argument bypassing the geometry of G-Hilbert scheme (of which explicit structures are important on its own from the aspect of applications to certain relevant physical problems).
In the higher dimensional cases, C n /G may not have any crepant resolution in general. Therefore, a suitable high-dimensional generalization of A-D-E Klein surface singularities we consider here will be the Gorenstein orbifold C n /G of the hypersurface type for n ≥ 4. For the A-type orbifolds, the group G is given by A r (n) := {g ∈ SL n (C)|g r+1 = 1, g is diagonal}.
In this work, we shall discuss only the case A 1 (n) for n = 4, 5. It is known that there do exist some crepant resolutions of C n /A 1 (n) for all n in [12] , where the result was obtained by blowing-up techniques through the hypersurface equation of C n /A 1 (n). In this paper, we shall construct another type of crepant resolutions of C n /A 1 (n), which are toric varieties, through the toric structure of Hilb A 1 (n) (C n ). One of the main goals of this approach is to explore the proper "flop" concept of n-folds for n = 4, 5. This method is consistent with the flops of 3-folds, considered as crepant resolutions of the 3-dimensional isolated singularity with the equation, XY = ZW , a construction known since the seventies in the study of degeneration of K3 surfaces [11] . However, for n = 4, 5, the singularities, which possess crepant resolutions with the flop relation discovered in this article, has a complicated expression of algebraic equations (see formula (4), (5) of the paper). In particular, it is not of the type of complete intersection.
This paper is organized as follows: In §2, we review some basic facts in toric geometry for later discussions. In §3, we derive the toric variety structure of Hilb A 1 (4) (C 4 ), which is smooth but not crepant. By blowing down the canonical divisor (P 1 ) 3 of Hilb A 1 (4) (C 4 ) to (P 1 ) 2 in different factors, we obtain three toric crepant resolutions of C 4 /A 1 (4) . By this process, the flop of 4-folds is naturally revealed between these three crepant resolutions. In §4, we derive the toric variety structure of Hilb A 1 (5) (C 5 ), which is singular and non-crepant. By analyzing the toric structure of Hilb A 1 (5) (C 5 ), we construct twelve crepant resolutions of C 5 /A 1 (5), all dominated by Hilb A 1 (5) (C 5 ). The connection between these crepant resolutions gives rise to the "flop" relation of 5-folds.
G-Hilbert scheme, Abelian Orbifolds and Toric Geometry
In this article, {e 1 , .., e n } will always denote the standard basis of C n , {Z 1 , .., Z n } the corresponding dual basis, and C[Z] := C[Z 1 , .., Z n ] the polynomial ring of Z i 's.
Let G be a finite subgroup of GL n (C). Denote S G = C n /G with the canonical projection π G : C n → S G , and o = π G ( 0). In this article, a variety X is said to be birational over S G if there exists a proper birational epimorphism σ X : X → S G . In this case, we have the commutative diagram:
Denote F X = π * O X× S G C n the coherent O X -sheaf over X obtained by the push-forward of the structure sheaf of X × S G C n . The geometrical fiber of F X over an element y of X is given by
. The GHilbert scheme Hilb G (C n ) with the birational morphism, σ Hilb : Hilb G (C n ) −→ S G , is the minimal object in the category of varieties X birational over S G such that F X is a vector bundle over X [2] . Furthermore, for each X in the category, there exists a unique epimorphism λ X from X to Hilb G (C n ). Indeed, λ X (y) is represented by the ideal I(y).
When G is an abelian group, one can apply toric geometry to study problems on resolutions of S G . We now give a brief review of some facts in toric geometry for later use in this article (for the details, see [8] ). For the rest of this paper, we shall always assume G to be a finite abelian group in GL n (C), and identify G as a subgroup of the diagonal group T 0 := C * n ⊂ GL n (C). Regarding C n as the partial compactification of T 0 , we define the n-torus T with the embedding in the T -space S G by
Denote N = Hom(C * , T ) (resp. N 0 = Hom(C * , T 0 )) the lattice of one-parameter subgroups of T (resp. T 0 ), M (resp. M 0 ) the dual lattice of N (resp. N 0 ). We have N ⊃ N 0 and M ⊂ M 0 . Through the map exp : R n −→ T 0 , exp( i x i e i ) := i e 2π √ −1x i e i , one can identify N 0 and N with the following lattices in R n ,
In this way, M 0 can be identified with the monomial group of variables Z 1 , .., Z n , and M corresponds to the subgroup of G-invariant monomials in M 0 . By [8] , a T -space birational over S G is described by a fan Σ = {σ l | l ∈ I} with C 0 := i R ≥0 e i as its support, i.e., a rational polyhedral cone decomposition of C 0 . In this situation, an equivalent description is given by the polytope decomposition Λ = {∆ l | l ∈ I} of the simplex
where ∆ l := σ l ∆ with the vertices of ∆ l in ∆ ∩ Q n . For σ l = {0}, we have ∆ l = ∅. We shall call Λ a rational polytope decomposition of ∆, and denote X Λ the toric variety corresponding to Λ. For a rational polytope decomposition Λ of ∆, we define Λ(i) :
consists of only one point, which will be denoted by x ∆ l . For a vertex v ∈ Λ(0), the closure of orb(v) represents a toric divisor, which will be denoted by D v . The canonical sheaf of X Λ is given by the following expression of toric divisors,
where m v is the smallest positive integer with m v v ∈ N , i.e., a primitive element of N . A polytope decomposition Λ of ∆ is called integral if all vertices of Λ are in N . By (1), the trivial canonical sheaf is described by the integral condition of Λ. The non-singular criterion of X Λ is given by the simplicial decomposition of Λ with the multiplicity-one property. For a polytope R ∈ Λ(i), we denote
whereσ R is the dual of the cone σ R := {rv|r ≥ 0, v ∈ R}. Then, {X R } R∈Λ(n−1) forms an open cover of X Λ . Now we consider the case G = A 1 (n). We shall always denote the following elements in M (= M G 0 ):
The set of N -integral elements in ∆ is given by
Other than the simplex ∆ itself, there is only one integral polytope decomposition of ∆, denoted by Ξ, which is invariant under all permutations of the coordinates (i.e., τ : e i → e τ (i) for τ ∈ S n , the symmetric group of degree n). Then, Ξ(n − 1) consists of the following n + 1 polytopes:
The toric variety X Ξ is smooth on the affine space centered at x ∆ j with the local coordinate U j , T i (i = j). Therefore, the singular set of X Ξ lies in the affine open set X 3 centered at x 3 . The structure near x 3 is determined byσ 3 ∩ M , which is generated by T i , U
form an integral basis for M , which implies the smoothness of X Ξ . For n ≥ 4, X Ξ is singular at x 3 , and T i , U −1 i , 1 ≤ i ≤ n, form the minimal generating set ofσ 3 ∩ M . For n = 4, the singular structure of X Ξ near x 3 is described by the 4-dimensional affine variety in C 8 with the equations:
where i = j and {i ′ , j ′ } is the complementary pair of {i, j}. For n = 5, the singular structure of X Ξ near x 3 is defined by the following relations:
where 1 ≤ i < j ≤ 5, and {k, l, m} is the complement of {i, j}.
For later use, we recall some terminology of the Gröbner basis [3] . Let ≺ L be a lexicographic order on C[Z] and w ∈ Z n ≥0 . The weight order ≺ determined by the weight w is the monomial ordering on C[Z] with the following properties:
(
, we shall denote I ⊥ the set of monic monomials outside I. For a monomial ordering ≺ and an ideal J, lt ≺ (J) will denote the ideal generated by the leading terms (with respect to ≺) of all elements in J. In this section, we consider the case n = 4. Throughout this section, the indices j, k, l, m will always denote a permutation of (1, 2, 3, 4). For n = 4, the polytope 3 in (3) is a regular 3-dimensional octahedron contained in the standard simplex ∆ in R 4 , with a cube as its dual polygon. We label the facets of the octahedron 3 by F j , F ′ j where
Then, the dual of F j , F ′ j are vertices of the cube, denoted by α j , α ′ j (see [ Fig. 1] ). consists of the polytopes ∆ j , C j and C ′ j for j = 1, .., 4, where
Note that c ∈ N and 2c ∈ N .
Theorem 3.1 For G = A 1 (4), we have Hilb G (C n ) ≃ X Ξ * , which is non-singular with the canonical bundle ω = O X Ξ * (E), where E is an irreducible divisor isomorphic to the triple product of P 1 , E = P 1 3 . Furthermore, for {j, k, l} = {1, 2, 3} and the (k, l)-th factor projection, p j : E −→ P 1 2 , the restriction of normal bundle of E on each fiber (≃ P 1 ) of p j is the (−1)-hyperplane bundle of P 1 .
Proof: The smoothness of the affine spaces X R , R = ∆ j , C j , C ′ j , follows from the integral and multiplicityone properties of σ R with respect to N . With (2) for n = 4, we have
. By using the inverse matrices of e j , v jk , v jl , v jm , 2c, v jk , v jl , v jm and 2c, v kl , v lm , v mk , one obtains the generators ofσ R ∩ M for R = ∆ j , C j , and C ′ j as follows:
We shall express the coordinates of an element y ∈ X R ≃ C 4 as follows:
and the corresponding ideal I(y) is given by
In each case, one can show that the generators in the expression of (7) form the reduced Gröbner basis of I(y), and lt ≺ (I(y)) = I(x R ) for a weight order ≺ with the weight in Interior(σ R ). For R = ∆ j , we have I(x ∆ j ) = Z j , Z 2 k , Z 2 l , Z 2 m , and
gives rise to a G-regular monomial basis for C[Z]/I(y). Similarly, for R = C j , C ′ j , we have I(
which give rise to corresponding G-regular monomial basis of C[Z]/I(y). Since X Ξ * is birational over S G , with the vector bundle F X Ξ * , we have an epimorphism
with I(λ(y)) = I(y) for y ∈ X Ξ * . We are going to show the injectivity of λ. For each R ∈ Ξ * (3), the coordinates of an element in X R can be represented in the form (p i /q i = γ i ) 4 i=1 for some monomials p i , q i described in (6) . Let y, y ′ be two points in X R with the coordinates (
respectively. By (6), (7), we have p i − γ i q i ∈ I(y) (resp. p i − γ ′ i q i ∈ I(y ′ )) with q i ∈ I(x R ) ⊥ for each i. When I(y ′ ) = I(y), we have (γ ′ i − γ i )q i ∈ I(y). By q i ∈ I(x R ) ⊥ , one has γ ′ i = γ i for all i, which implies y = y ′ . Hence, λ in injective on each X R . Furthermore, the ideal I(y) for y ∈ X R is completely determined by its toric coordinates, which appear as some generating elements of I(y) in (7) . By the construction of toric variety, one can conclude that if y ∈ X R and y ′ ∈ X R ′ with I(y) = I(y ′ ), the toric coordinates of y for X R and y ′ for X R ′ are related by the transition function of these affine charts, hence y = y ′ . For example, for y ∈ X C ′ 4 and y ′ ∈ X C 1 , the affine coordinate of y ∈ X C ′ 4 is given by
By the expression of ξ's and η's in terms of Z i 's, we obtain the transition function on
Therefore, λ defines an isomorphism between X Ξ * and Hilb G (C 4 ). By (1), the canonical bundle of X Ξ * is given by ω X Ξ * = O X Ξ * (E) with E = D c . As the star of c in Ξ * is given by the octahedron in [ Fig. 1], we have E ≃ (P 1 ) 3 . One can apply the toric technique to determine the (−1)-hyperplane structure of fiber P 1 of the (k, l)-th factor projection, p j : E → (P 1 ) 2 for the normal bundle of E. For example, in the case of the projection of E onto (P 1 ) 2 corresponding to the 2-convex set v 12 , v 13 , v 34 , v 24 , the relation (8) between the local coordinates of X C 1 and X C ′ 4 implies that the restriction of the normal bundle of E on each fiber P 1 over (3, 4)-plane is the (−1)-hyperplane bundle. This proves Theorem 3.1. QED By the property of the normal bundle of the canonical divisor E on P 1 -fibers in Theorem 3.1, one can blow down E to obtain three different crepant resolutions of S G . In fact, all these crepant resolutions are toric varieties described as follows: Let Ξ j be the refinement of Ξ by adding the segment connecting v j4 and v kl to divide the central polygon 3 into 4 simplices, where {j, k, l} = {1, 2, 3}. Then, we have the relation of refinements: Ξ ≺ Ξ j ≺ Ξ * for j = 1, 2, 3, and each X Ξ j is a crepant resolution of X Ξ . For the corresponding decompositions of the central core 3, the refinement relations are given by 3 ≺ 3 j ≺ 3 * , (1 ≤ j ≤ 3), with the pictorial realization [ Fig. 3] . By the relation between X 3 * and X 3 , one can conclude that x 3 is the isolated singularity of X 3 , with the equation (4). The three 4-folds X 3 i are all "small" 1 resolutions of the singular variety X 3 . The relationship between these three crepant resolutions of the isolated singularity is defined to be the flop of 4-folds. Hence, we have shown the following result: Theorem 3.2 There are three crepant resolutions of S A 1 (4) obtained by blowing down the canonical divisor E of Hilb A 1 (4) (C 4 ) in Theorem 3.1. Any two such resolutions differ by a flop of 4-folds.
Remark: The S 4 -action on coordinates leaves 3 and 3 * invariant, but permutes three 3 i 's. A similar phenomenon will also appear in the case G = A 1 (5) in the next section.
1 Here a "small" resolution means a resolution with the exceptional locus of codimension ≥ 2. In this section, we shall discuss the case of G = A 1 (5) . Throughout this section, the indices i, j, k, l, m always mean a permutation of (1, 2, 3, 4, 5) . In addition to the elements e i , v ij of N in ∆, we consider the following rational points:
Then, one has a refinement Ξ * of Ξ with elements in Ξ * (4) given by:
α=1 . There are 5, 5, 20, 10, 30, 10, 1 elements of ∆ i , I i , II ij , III jk , IV i,jk , V im , VI respectively. The facet relations for these 4-polytopes can be depicted graphically in the following diagram:
where a line describes the intersection of two polytopes with a common facet. Except the heptahedrons V im and the decahedron VI, the rest of the 4-polytopes are all simplicial. Proof: With (2) for n = 5, we have
The generators of N ∩ σ R and M ∩σ R for R ∈ Ξ * (4) are given by the following table:
Then, one can easily see that X R has the smooth toric structure C 5 except R = V im and VI, which contribute the singularities of X Ξ * . In fact, X V im is the affine variety in C 7 defined by the relations,
and X VI is the affine variety in C 10 given by
where the indices run through all possible i, j, k, l, m.
We shall denote the coordinates of an element y ∈ X R by
where the γ's and t's are complex numbers, and in the cases of V im and VI, the coordinates are governed by the relations (9), (10) respectively. Using the above coordinates of y, one can express the ideal I(y) as follows:
for all possible i, j, k, l, m , (t i = γ ijk γ ilm = γ ijm γ ilk , γ klm γ jkm γ ijl = γ jlm γ jkl γ ikm for all possible i, j, k, l, m)
One can show that the generators in the above expressions of I(y) form the corresponding reduced Gröbner basis with respect to a weight order ≺ with weight w ∈ Interior(σ R ). Furthermore, the ideal lt ≺ (I(y)) is equal to I(x R ). Therefore, I(x R ) ⊥ gives rise to a basis of C[Z]/I(y), which is G-regular by the following explicit description of basis elements. The connection between these twelve smooth 5-folds corresponding to the toric data 3 i 's can be regarded as the "flop" of 5-folds, all of which are crepant resolutions of the singular variety defined by (5) . Therefore, we have obtained the following result:
Theorem 4.2 There are twelve toric crepant resolutions, X Ξ i 1 ≤ i ≤ 12, of S A 1 (5) which are dominated by Hilb A 1 (5) (C 5 ). Any two such resolutions differ by a "flop" of 5-folds.
